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We review the theory of meson decays to two lepton pairs, including the cases of identical as well
as non–identical leptons, as well as CP–conserving and CP–violating couplings. A complete lowest–
order calculation of QED radiative corrections to these decays is discussed, and comparisons of
predicted rates and kinematic distributions between tree–level and one–loop–corrected calculations
are presented for both pi0 and K0 decays.
PACS numbers: 12.15.Lk, 13.20.Cz, 13.20.Eb, 13.40.Gp, 13.40.Hq
I. BACKGROUND
Meson decays to two photons should exhibit interest-
ing correlations between the photon polarizations[1]. Al-
though existing particle detectors cannot measure pho-
ton polarizations directly, it has long been known that
the polarization correlations can be measured indirectly
by studying angular correlations in the related double
Dalitz decays[2] in which both photons undergo internal
conversion to a lepton pair. More recently, it has been
pointed out[3] that a detailed study of these correlations
can be used to determine the relative amount of two pos-
sible meson–γγ couplings (one CP–conserving and one
CP–violating for mesons that are CP eigenstates) that
can contribute to this process.
Dalitz and double Dalitz decays are also of interest be-
cause they can be exploited to perform a measurement of
the electromagnetic form factor of the decaying meson —
that is, how the meson couples to one real and one vir-
tual photon (Dalitz decay) or two virtual photons (double
Dalitz) depends on the q2 values of the photon(s). An
accurate knowledge of this form factor is essential, for ex-
ample, to calculate the so–called long–distance contribu-
tion to the rare decay KL → µ+µ−. The short–distance
contribution to this process, mediated by loops involving
heavy quarks and massive vector bosons, is sensitive to
the CKM matrix element Vtd, but this contribution can-
not be extracted from the accurate experimental mea-
surement of the partial width unless the long–distance
amplitude is precisely known.
The tree–level rates for several double Dalitz processes
have been published in various forms[2, 3, 4, 5]. The
first experimental observation of a double Dalitz decay
was published in 1962[6, 7]. A total of 206 examples of
the decay π0 → e+e−e+e− were observed by Samios in
a sample of some 800,000 bubble chamber photographs.
Based on the observed angular correlations, Samios was
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able to exclude the possibility that the π0 was a scalar
particle (with a CP–conserving decay) at the 3.3σ confi-
dence level. His measurement of the branching ratio for
that process remains the only one published to date.
Experimental observations of the much rarer kaon dou-
ble Dalitz decays began to appear in the 1990’s. Sev-
eral measurements have been made of the decay KL →
e+e−e+e−[8, 9, 10, 11, 12, 13, 14], the most recent of
which are based on several hundred observed events. The
still rarer double Dalitz mode KL → e+e−µ+µ− is par-
ticularly interesting because it is free of complications
arising when there are two identical lepton pairs in the
final state, and because it probes only the kinematic re-
gion in which one of the virtual photons has q2 > 4m2µ.
The first example of this decay was reported in 1996[15].
In 2001 the KTeV experiment published a branching ra-
tio based on a sample of 43 events[16]; most recently,
KTeV has reported results from a combined sample of
132 events, including the earlier 43[17].
Further experimental results on both π0 → e+e−e+e−
and the two kaon decays are expected in the near future
from the NA48 and KTeV experiments. As the statistics
available to the experimenters increase, it will be nec-
essary to have a more accurate theoretical description of
these decays, incorporating the significant effects of QED
radiative corrections. These corrections, discussed in this
paper, have a significant impact on the extraction of both
form factors and angular correlations from high–statistics
data.
II. TREE–LEVEL AMPLITUDES
The most general CPT invariant interaction governing
the transition of a spin–zero meson to two photons is
L = −i
4M
[FP ǫµνρσ + FS (gµρgνσ − gµσgνρ)]FµνF ρσφ,
(1)
where FP and FS are dimensionless form factors for a
pseudoscalar and scalar coupling which may be momen-
tum dependent, Fµν is the electromagnetic field tensor,
and φ is the field of a meson of mass M . The factor
2of −i defines a phase convention in which the form fac-
tors will be real if CPT invariance holds and there are
no absorptive decay amplitudes. It will be convenient to
decompose the couplings into real and imaginary parts,
and define them (up to an arbitrary overall phase Ψ) in
terms of a mixing angle ζ, and a phase difference δ,
FP = gP fP (k21 , k22)eiΨ = g˜fP (k21 , k22) cos ζeiΨ, (2a)
FS = gSfS(k21 , k22)eiΦ = g˜fS(k21 , k22) sin ζeiδeiΨ, (2b)
where g˜2 = g2P + g
2
S and δ = Φ − Ψ. fP and fS are
functions of the k2 values of the two virtual photons and
are normalized such that f(0, 0) = 1 for both couplings.
In principle it is also possible for δ to depend on k21 and
k22 .
A. Two–Photon Decay
The two–photon partial width provides information
about the coupling constant g˜ along with some con-
straints on the mixing angle ζ and phase difference δ.
The matrix element for the decay to two real photons
with helicities λ1 and λ2 is
Mλ1λ2 =
2
M
[FP ǫµνρσ
+ FS(gµρgνσ − gµσgνρ)]kµ1 ǫ∗νλ1kρ2ǫ∗σλ2 ,
(3)
where kµ and ǫµ are the momentum and polarization of a
photon. The calculation of the two–photon couplings for
photons of arbitrary mass is carried out in Appendix B.
For real photons, the kinematic factors in the couplings
reduce to λ = z = 1 and w = 0, and the momentum de-
pendent functions fP and fS reduce to unity. Therefore,
one has the following two contributions
M++ = −Mg˜
(
sin ζeiδ − i cos ζ) , (4a)
M−− = −Mg˜
(
sin ζeiδ + i cos ζ
)
. (4b)
The partial width is obtained by integrating 1/(2M)
times the squared matrix element over the available phase
space. The matrix element is a constant, so the integra-
tion results in a factor of 1/(16π). The partial widths for
the two allowed helicity states are then
Γ++ =
Mg˜2
32π
(1− 2 sin ζ cos ζ sin δ) , (5a)
Γ−− =
Mg˜2
32π
(1 + 2 sin ζ cos ζ sin δ) . (5b)
The decay rates to the two final states will be identical if
either the phase difference between the two couplings is
zero or one of the form factors is zero. In any case, the
total rate is equal to Γγγ =Mg˜
2/(16π). An experimental
measure of the two–photon width then gives a value of
g˜,
g˜ =
√
16πΓγγ/M. (6)
B. Application to Neutral Pion and Kaon Decays
One can compute g˜ for the π0 → γγ, KL → γγ,
and KS → γγ decays using the current experimental
values[18] of the two–photon branching ratios along with
the meson lifetimes and masses, with the results
g˜0 = (1.70± 0.06) · 10−3, (7a)
g˜L = (8.75± 0.12) · 10−10, (7b)
g˜S = (1.36± 0.11) · 10−9. (7c)
It will be useful to define CP–even and CP–odd γγ states:
|(γγ)±〉 = (|++〉 ± | − −〉)/
√
2. (8)
The matrix elements for π0 → γγ are then given by
〈(γγ)+| T |π0〉 = −i
√
2Mπg˜0 sin ζ0e
iΦ0 , (9a)
〈(γγ)−| T |π0〉 = −
√
2Mπ g˜0 cos ζ0e
iΨ0 . (9b)
Similar expressions can be given for the K1 and K2 de-
cay matrix elements with the 0 subscripts changed to 1
or 2 respectively and Mπ replaced by MK . These ex-
pressions may be compared to those in Ref. [19] in which
CP–violation observables for the K → γγ decays were
calculated. In that article Sehgal defines
〈(γγ)+| T |K1〉 = ceeiρe , (10a)
〈(γγ)−| T |K1〉 = icoeiρo , (10b)
〈(γγ)+| T |K2〉 = −ideeiµe , (10c)
〈(γγ)−| T |K2〉 = doeiµo . (10d)
In our notation we have
ce =
√
2MK g˜1 sin ζ1, (11a)
co = −
√
2MK g˜1 cos ζ1, (11b)
de =
√
2MK g˜2 sin ζ2, (11c)
do = −
√
2MK g˜2 cos ζ2. (11d)
The observable phase differences are given by δ1 = ρe−ρo
and δ2 = µe − µo.
The phases δi are observable only if CP is violated in
γγ decays. As Sehgal noted in Ref. [19], the phase δ0 in
π0 decays should be very close to zero if CPT is conserved
because the relevant absorptive amplitudes are of order
α2. In the case of kaon decays, on–shell intermediate
states such as ππ couple strongly so that the phases δ1
and δ2 may be large even if CPT is conserved.
C. Four–Lepton Decay
While the total two–photon decay rate provides in-
formation about the constant part of the form fac-
tors, the four–lepton rate can be utilized to probe both
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FIG. 1: Double Dalitz Tree–Level Diagram.
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FIG. 2: Double Dalitz Exchange Diagram.
the momentum dependence of the form factors and the
mixing of the couplings. The decay to four leptons
may contain either two pairs of identical particles (e.g.,
KL → e+e−e+e−) or pairs of non–identical particles
(e.g., KL → e+e−µ+µ−). The tree–level Feynman di-
agram for the decay is depicted in Fig. 1. If the final
state does contain identical particles, then there is also
an exchange diagram, as shown in Fig. 2. The matrix ele-
ment is then the sum of the two diagramsM =M1+M2
and its square is |M|2 = |M1|2+ |M2|2+2Re (M∗1M2).
The analysis presented in the rest of this section applies
only to the direct contribution to the double Dalitz pro-
cess. Appendix C gives an explicit expression for the
interference term.
The matrix element for the direct contribution to the
double Dalitz process can be written as
M1 = Hµνρσkµ1ΠναΓαkρ2ΠσβΓβ , (12)
where H is a two–photon coupling given by Eq. (B2), k
is a photon momentum, Π is the propagator for a photon
of momentum k
Πµν(k) =
i
k2
(∑
λ
ǫ∗µλ ǫ
ν
λ − kˆµkˆν
)
, (13)
and Γ is the fermion current for an electron of momentum
q and spin r and positron of momentum p and spin s
Γµ(q, p; r, s) = −ieu¯r(q)γµvs(p). (14)
The sum in the propagator extends over the three helicity
states and the term proportional to kµkν vanishes when
contracted with the current. The matrix element can
then be cast as
M1 =
∑
λ1λ2
Hλ1λ2Lλ1Lλ2 , (15)
where H is one of the two–photon couplings given in
Eqs. (B4,B5). The quantity L contains all the lepton
information and is equal to Lλ = iǫ
µ
λΓµ/k
2.
The squared matrix element, summed over final state
helicities can be expressed in terms of the five phase
space variables x12, x34, y12, y34, and φ (defined in Ap-
pendix A). Focusing on the φ dependence, the squared
amplitude is
∑
|M1|2 = 2
8π2α2g˜2
M2w4
(A sin2 φ+B cos2 φ
+ C sinφ cosφ+D sinφ
+ E cosφ+ F ),
(16)
where
A =w2{f2P cos2 ζλ2[1 + (1− λ212 + y212)(1 − λ234 + y234)]
+ f2S sin
2 ζz2[2− λ212 − λ234 + y212 + y234]}, (17a)
B =w2{f2S sin2 ζz2[1 + (1− λ212 + y212)(1 − λ234 + y234)]
+ f2P cos
2 ζλ2[2− λ212 − λ234 + y212 + y234]}, (17b)
C =2fPfS sin ζ cos ζ cos δλzw
2
× (λ212 − y212)(λ234 − y234), (17c)
D =2fPfS sin ζ cos ζ cos δλw
3y1y2
×
√
(λ212 − y212)(λ234 − y234), (17d)
E =2f2S sin
2 ζzw3y12y34
√
(λ212 − y212)(λ234 − y234), (17e)
F =f2S sin
2 ζw4(1− y212)(1 − y234), (17f)
where the kinematic variables w, z, and λ are defined
in Appendix A. Terms A and B arise from the diago-
nal pieces of the transverse part of the pseudoscalar and
scalar couplings while term F is due to the diagonal piece
of the longitudinal part of the scalar coupling. Term C
is the interference between the transverse parts of the
pseudoscalar and scalar couplings while terms D and E
are due to interference between the longitudinal part of
the scalar and the transverse parts of the pseudoscalar
and scalar couplings respectively.
The partial width is obtained by integrating 1/(2M)
times the square of the matrix element over the eight
dimensional phase space (given in Appendix A). The in-
tegrals over yij extend from −λij to +λij and can be
done analytically. The differential partial width, normal-
ized to the two–photon width and integrated over y12 and
4TABLE I: Results of numerical integrations over x12 and x34
assuming fP = fS = 1.
Integral KL → eeµµ KL → µµµµ KL → eeee pi
0
→ eeee
I1 0.10627 2.977 · 10
−6 14.146 7.2287
I2 0.11147 1.149 · 10
−5 14.201 7.2838
I3 0.21713 1.120 · 10
−5 28.343 14.509
I4 0.74203 5.499 · 10
−4 27.725 15.600
I5 0.76948 1.595 · 10
−3 27.809 15.684
I6 0.01503 5.246 · 10
−4 0.0556 0.0555
y34, is
1
Γγγ
dΓ1
dφ
=
Sα2
3π3
[I1 cos
2 ζ sin2 φ+ I2 sin
2 ζ cos2 φ
+ I3 sin ζ cos ζ cos δ sinφ cosφ
+ I4 cos
2 ζ + (I5 + I6) sin
2 ζ],
(18)
where S is a symmetry factor which is 1/4 for modes with
identical particles and 1 otherwise. The Ii factors rep-
resent the integrals over x12 and x34 given below. The
factors I1 and I4 correspond to the pseudoscalar cou-
pling, I2 and I5 are the analogous terms for the scalar
coupling, I6 is the additional longitudinal term in the
scalar coupling, and I3 is the interference term.
I1 =
2
3
∫∫
dx12dx34f
2
P
λ312λ
3
34λ
3
w2
, (19a)
I2 =
2
3
∫∫
dx12dx34f
2
S
λ312λ
3
34λz
2
w2
, (19b)
I3 =
4
3
∫∫
dx12dx34fP fS
λ312λ
3
34λ
2z
w2
, (19c)
I4 =
∫∫
dx12dx34f
2
P
λ12λ34λ
3
w2
(3− λ212 − λ234), (19d)
I5 =
∫∫
dx12dx34f
2
S
λ12λ34λz
2
w2
(3− λ212 − λ234), (19e)
I6 =
1
6
∫∫
dx12dx34f
2
Sλ12λ34λ(3 − λ212)(3− λ234). (19f)
The double integral is performed by first integrating over
x34 from x
0
34 to (1 −
√
x12)
2 and then over x12 from x
0
12
to (1−
√
x034)
2, where x0ij = (mi+mj)
2/M2. In order to
obtain values for these integrals, fP and fS must first be
specified and then the integrals can be done numerically.
Table I summarizes the values for the different double
Dalitz modes assuming that fP = fS = 1.
The numerical value of I5+ I6 was found to be several
orders of magnitude larger in Ref. [3]. Extracting I6 from
that result yields a value of 3578.0, compared with our
value of 0.01503. This discrepancy has been traced to the
use in Ref. [3] of a scalar coupling gµρgνσ, rather than
the correctly antisymmetrized tensor gµρgνσ − gµσgνρ.
One consequence of the much smaller value we find for
I6 is that the total width for the double Dalitz decay
TABLE II: Coefficients of φ dependencies for various values
of the mixing angle (δ = 0).
KL → eeµµ KL → µµµµ KL → eeee pi
0
→ eeee
R(0) 0.7952 1.379 · 10−4 8.6995 4.8037
R(pi/2) 0.8402 5.313 · 10−4 8.7412 4.8453
κ1(0) −0.0668 −0.0027 −0.2033 −0.1881
κ1(pi/2) +0.0663 +0.0027 +0.2031 +0.1879
ζ0 44.32
◦ 26.98◦ 44.94◦ 44.89◦
κ2(ζ0) +0.0664 +0.0026 +0.2031 +0.1880
is almost completely insensitive to the mix of scalar and
pseudoscalar couplings (except for theKL → µ+µ−µ+µ−
decay), in contradistinction to the conclusion of Ref. [3]
but in agreement with the comments near the end of
Ref. [2].
The differential rate can also be expressed in a compact
form, suitable for experimental fits to the φ distribution,
involving a constant term, a CP conserving cos 2φ term,
and a CP violating sin 2φ term
1
Γγγ
dΓ1
dφ
=
α2
3π3
R(1 + κ1 cos 2φ+ κ2 sin 2φ), (20)
where
R =S[(I1/2 + I4) cos2 ζ
+ (I2/2 + I5 + I6) sin
2 ζ], (21a)
κ1 =S(I2 sin2 ζ − I1 cos2 ζ)/(2R), (21b)
κ2 =SI3 sin ζ cos ζ cos δ/(2R). (21c)
The values of R and κ1 at ζ = 0 and ζ = π/2, along with
the maximum value of κ2 and the angle ζ0 at which it
takes on that value, are listed in Table II. As expected,
for a pure pseudoscalar decay, the amplitude of the cos 2φ
term will be negative while the amplitude of the sin 2φ
vanishes. For a pure scalar decay, the amplitude of the
cos 2φ term is nearly the same magnitude as in the pseu-
doscalar decay but positive, and the amplitude of sin 2φ
again vanishes. Depending on the mode, the amplitude
for the CP–violating sin 2φ term is maximal for values of
the mixing angle between π/8 and π/4.
Alternatively, we could have integrated over φ before
x12 and x34, in which case we would have
1
Γγγ
d2Γ1
dx12dx34
=
2Sα2
9π2
λ12λ34λ
w2
(3− λ212)(3− λ234)
× [f2P cos2 ζλ2 + f2S sin2 ζ(λ2 + 3w2/2)], (22)
where we have used z2 = λ2+w2. The interference term
integrates to zero and what remains clearly shows the
kinematic differences between the contributions of the
two couplings.
Going back to Eq. (20), the final integral over φ from
0 to 2π can be performed to get the direct contribution
5TABLE III: The decay rate for pseudoscalar couplings (ζ = 0)
assuming fP = fS = 1.
Mode Γ1+2/Γγγ Γ12/Γγγ Γ/Γγγ
KL → eeµµ 2.859 · 10
−6 0 2.859 · 10−6
KL → µµµµ 9.914 · 10
−10
−0.512 · 10−10 9.402 · 10−10
KL → eeee 6.256 · 10
−5
−0.036 · 10−5 6.220 · 10−5
pi0 → eeee 3.456 · 10−5 −0.036 · 10−5 3.420 · 10−5
to the four–lepton decay rate relative to the two–photon
rate
Γ1
Γγγ
=
2α2
3π2
R. (23)
The total tree–level rate can now be computed for ar-
bitrary form factors for modes without identical particles
in the final state. For the other modes, there is the in-
terference between the direct and exchange graphs that
must be included. The decay rate has the form
Γ = Γ1 + Γ2 + Γ12, (24)
where, for modes without identical particles Γ2 = Γ12 =
0, and for modes with identical particles Γ2 = Γ1. The
expression given in Appendix C for the interference term
could in principle be integrated numerically. We choose
instead to use a Monte Carlo (MC) simulation to inte-
grate the rate and make histograms of the relevant phase
space variables. The decay rates for the various modes,
broken into diagonal and interference terms, are listed in
Table III.
Ref. [5] included a similar table of values, some of which
are in disagreement with our results. The most signifi-
cant discrepancy involves the size of the interference term
for the decays KL → e+e−e+e− and π0 → e+e−e+e−.
We find that the interference in KL → e+e−e+e− is
roughly 9 times smaller than Ref. [5] reports, and that the
interference in π0 → e+e−e+e− is about 4 times smaller.
We also differ in the total rate for KL → e+e−µ+µ−, but
the factor of 2 difference is likely due to a typographical
error in the previous publication.
The assumption that the form factor is flat contra-
dicts current experimental findings. The two models that
have been used to parameterize the kaon form factor are
the BMS model [20] and the DIP model [21]. The BMS
model was originally proposed to describe the coupling in
the single Dalitz decay KL → e+e−γ and was therefore
written as a function of one k2 only
f(x, 0) =
1
1− rρx +
CαK∗
1− rK∗x
[
4
3
− 1
1− rρx
−1
9
(
1
1− rωx +
2
1− rφx
)]
. (25)
The quantities ri = M
2/M2i for Mi equal to the ρ, K
∗,
ω, or φ meson masses. To apply this model to the double
Dalitz decay, it is assumed that the coupling factors so
that f(x1, x2) = f(x1, 0) · f(x2, 0). In this paper, we
will use a simplified form of the DIP form factor, which
involves only the ρ meson and two parameters
f(x1, x2) = 1 + αDIP
(
x1
x1 −M2ρ/M2
+
x2
x2 −M2ρ/M2
)
+ βDIP
x1x2
(x1 −M2ρ/M2)(x2 −M2ρ/M2)
. (26)
As will be seen in Appendix D, the BMS model can be
expressed as a generalized DIP model involving the ρ, ω,
and φ vector mesons.
Experimentally, the form factor has traditionally been
linearized in the case of the pion with just a slope pa-
rameter measured, while for the kaon, the BMS model
has been used and values of αK∗ quoted. The conversion
to the DIP parameters is easily done, using the world
average [18] for the kaon we will use αDIP = −1.5 and
for the pion, αDIP = −1.0. There is as yet no experi-
mental sensitivity to βDIP and so we will use βDIP = 0.
The effect of using the DIP model with these values of
α is that the π0 → e+e−e+e− rate increases by less
than 0.4%, the KL → e+e−e+e− rate increases by 6.5%,
the KL → e+e−µ+µ− rate increases by 56%, and the
KL → µ+µ−µ+µ− rate increases by 68%. It is clear that
the assumption of a flat form factor is completely invalid
for modes containing muons.
III. HIGHER ORDER PROCESSES
The tree–level double Dalitz process is O(α2) since
it contains two electromagnetic vertices. Higher order
contributions to the double Dalitz rate contain one or
more internal loops. There are three types of graphs
that contribute at O(e4): the vacuum polarization, the
vertex correction, and the 5–point diagram. A represen-
tative diagram from each of these processes is displayed
in Figs. 6,7, and 8, respectively. There are two graphs
for both the vacuum polarization and the vertex correc-
tion, one for each pair, plus four graphs for the 5–point
function. If there are identical particles in the final state,
there are exchange diagrams and the number of graphs
doubles. The interference between the tree–level diagram
and the one–loop diagrams is O(α3) and therefore con-
tributes to the first order radiative correction to the dou-
ble Dalitz rate.
Both the vertex correction and the 5–point graph con-
tain IR divergences, that is, divergences in the limit that
the exchanged photon energy goes to zero. In order to
handle this singular behavior, one must also consider the
radiative double Dalitz decay X → l+1 l−1 l+2 l−2 γ, in which
one of the leptons internally radiates a photon. There
are two contributions to this process, shown in Figs. 4
and 5. The radiative process diverges in the opposite
manner from the one–loop graphs making the combined
decay rate finite.
6The combined process will be indicated by X →
l+1 l
−
1 l
+
2 l
−
2 (γ), where the radiated photon may or may not
be detectable. The distinction between the non–radiative
and radiative decays is an experimental issue and ulti-
mately related to the hardware. We will use the energy
of the radiated photon in the CM frame to differenti-
ate between events with a hard photon, Eγ > Ecut, and
events without, Eγ < Ecut. The cutoff is chosen such
that photons with energies below the cutoff can have no
significant effect on the 4–lepton acceptance. The rate
for radiative events with soft photons will be added to
the rate for non–radiative decays. This contribution is
also O(α3) and therefore must be considered along with
the one–loop corrections.
The double Dalitz differential rate to second order can
therefore be expressed as
d5Γrad = d
5Γtree(1 + δbrem + δvirt), (27)
where δbrem is the bremsstrahlung contribution due to
radiative decays with photons below the photon energy
cutoff and δvirt is the virtual correction due to the inter-
ference between the tree–level and one–loop diagrams.
The virtual correction can be further decomposed into
the contributions from the three one–loop diagrams
δvirt = δvp + δvc + δ5p, (28)
where δvp is the correction from the vacuum polarization
diagrams, δvc is the correction from the vertex correc-
tion diagrams, and δ5p is the correction from the 5–point
diagrams.
IV. RADIATIVE DECAYS
The radiative double Dalitz decay will only be consid-
ered at tree–level. It is straightforward but tedious to
write down the expression for the rate. The two contri-
butions to the rate are shown in Figs. 4 and 5. For each
process, there exists three additional diagrams where the
photon is radiated off of the other leptons, plus four ex-
change graphs if applicable.
Our results for the radiative decay rates use a MC sim-
ulation in which we calculate the amplitudes for each he-
licity state using explicit representations of the spinors
and polarization vector. An photon energy cutoff of
400 keV in the CM frame is used for kaon decays while for
pions, a cutoff of 100 keV is used. It is useful to define the
quantity x4e = m
2
4e/M
2, where m4e is the reconstructed
four–lepton invariant mass, to distinguish between the
radiative and non–radiative processes. In terms of this
variable, the cutoff for both kaon and pion decays is at
xcut4e ≈ 0.9985. Fig. 3 shows the distribution of x4e for
KL → e+e−e+e− and KL → e+e−e+e−γ events. The
large peak at x4e = 1 is due to non–radiative events. The
part of the distribution which falls away from the peak at
1 is due to radiated photons from the process of Fig. 4.
The rising part of the distribution near x4e = 0 is due to
FIG. 3: x4e for KL → e
+e−e+e− and KL → e
+e−e+e−γ
events.
TABLE IV: Tree–level rates for radiative decays including
both all radiation and only hard radiation such that x4e <
0.95, with fP = fS = 1.
Mode Γ4lγ(x4e < x
cut
4e )/Γγγ Γ4lγ(x4e < 0.95)/Γγγ
pi0 → eeeeγ 6.614(1) · 10−6 2.055(1) · 10−6
KL → eeeeγ 1.540(1) · 10
−5 0.504(1) · 10−5
KL → eeµµγ 3.279(3) · 10
−7 0.873(1) · 10−7
KL → µµµµγ 5.634(3) · 10
−12 0.346(1) · 10−12
hard Dalitz photons from the process of Fig. 5. Lost due
to bin size is the low energy cutoff at Eγ = 400 keV and
the high energy cutoff at x4e = 16m
2
e/M
2.
Table IV shows the tree–level radiative decay rates for
the four modes, with no form factor. The rates in the first
column include photons of all energies, while the rates in
the second column include only photons with energies
large enough that x4e < 0.95. This value of x4e is chosen
to closely match the resolution on the four–lepton mass
in current experiments.
V. RADIATIVE CORRECTIONS
The next four sections will describe the different contri-
butions to the radiative corrections to the double Dalitz
differential rate. The first three contributions are rela-
tively straightforward to determine and we will therefore
only summarize the relevant formulas. The last contribu-
tion, coming from the 5–point diagram, is considerably
more difficult to calculate. In particular, numerical in-
stabilities plague the evaluation of the tensor 5–point in-
tegrals involving light leptons. The fourth section, along
7with much of the appendix, will outline our procedure for
obtaining this (usually) small but non–negligible contri-
bution. We will present the full 5–point diagram correc-
tions to the differential rate in closed form. In Ref. [22],
van Neerven and Vermaseren reported a numerical in-
tegral of the radiative corrections to the related two–
photon process e+e− → e+e−π0 but did not present the
corrections to the differential cross section. As we will
discuss in Sec. VI, the effects of radiative corrections
are much more important compared to form factor ef-
fects when considering double Dalitz decays, because the
q2 values in the accessible phase space are much smaller
than those typically probed in two–photon resonance for-
mation with final state lepton tags.
A. Bremsstrahlung Correction
The contribution to the double Dalitz differential decay
rate due to the soft bremsstrahlung part of the radiative
decay is defined as
δbrem(x12, x34, y12, y34, φ) =
d5Γbrem/d
5Φ
d5Γtree/d5Φ
, (29)
where d5Γbrem/d
5Φ is the differential decay rate for the
soft part of the radiative decay integrated over the pho-
ton momentum with the constraint Eγ < Ecut. The full
differential rate is
d8Γbrem =
1
2M
∑
|Mbrem|2d5Φ d
3k
(2π)32Ek
, (30)
where d5Φ is the four–body phase space differential and
Mbrem is the matrix element for the soft bremsstrahlung
contribution. If the photon energy cutoff is taken small
enough, the matrix element can be approximated as
Mbrem = e
(
p2 · ǫ
p2 · k +
p4 · ǫ
p4 · k −
p1 · ǫ
p1 · k −
p3 · ǫ
p3 · k
)
Mtree,
(31)
where ǫ and k are the radiated photon’s polarization and
momentum 4–vectors, respectively. There is one contri-
bution from each of the radiative diagrams represented
by Fig. 4. The other type of radiative process (Fig. 5)
does not contribute in this limit. If the cutoff is small
enough, the lepton momenta can be held fixed while the
photon momentum is integrated out, with the result
δbrem = 4πα
∫ Ecut
0
d3k
(2π)32Ek
B, (32)
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FIG. 4: Radiative Diagram 1.
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FIG. 5: Radiative Diagram 2.
where
B =
∑
ǫ
∣∣∣∣
(
pµ2
p2 · k +
pµ4
p4 · k −
pµ1
p1 · k −
pµ3
p3 · k
)
ǫµ
∣∣∣∣
2
, (33)
=
2p1 · p2
(p1 · k)(p2 · k) +
2p3 · p4
(p3 · k)(p4 · k) +
2p1 · p4
(p1 · k)(p4 · k)
+
2p2 · p3
(p2 · k)(p3 · k) −
2p2 · p4
(p2 · k)(p4 · k) −
2p1 · p3
(p1 · k)(p3 · k)
− p
2
1
(p1 · k)2 −
p22
(p2 · k)2 −
p23
(p3 · k)2 −
p24
(p4 · k)2 .
The correction can be expressed in terms of a sum of
ten integrals which can be done in closed form
δbrem = 4πα[2I(p1, p2) + 2I(p3, p4) + 2I(p1, p4)
+ 2I(p2, p3)− 2I(p2, p4)− 2I(p1, p3)
− I(p1, p1)− I(p2, p2)− I(p3, p3)− I(p4, p4)], (34)
where
I(ki, kj) =
∫ Ecut
0
d3k
(2π)32Ek
ki · kj
(ki · k)(kj · k) . (35)
Each integral yields both a finite part and an IR diver-
gent part which goes as ln(2Ecut/Λ) where Λ is the pho-
ton mass which will be taken to zero after the divergent
8terms are canceled against each other. The first two di-
vergent terms will be seen to cancel the divergent parts
of the vertex correction, the next four cancel divergences
in the 5–point functions, and the last four cancel the elec-
tron self–energy divergences (which are included in the
renormalized vertex function). For ki 6= kj
I(ki,kj) =
zij
8π2λij
{
ln
(
zij + λij
zij − λij
)
ln
(
2Ecut
Λ
)
+
1
4
ln2
(
Ω−i
Ω+i
)
− 1
4
ln2
(
Ω−j
Ω+j
)
+ Li2
(
1− ΥijΩ
+
i
xijλij
)
+ Li2
(
1− ΥijΩ
−
i
xijλij
)
− Li2
(
1− ΥijΩ
+
j
xijλij
)
− Li2
(
1− ΥijΩ
−
j
xijλij
)}
, (36)
where
Ω±i = (1 + δi,jkl ± λi,jkl)/2, (37a)
Ω±j = (1 + δj,ikl ± λj,ikl)/(2σij), (37b)
Υij = σij(1 + δi,jkl)− (1 + δj,ikl), (37c)
σij = (zij + λij)/(1− zij + δij), (37d)
and the various δ, z, and λ symbols are defined in Ap-
pendix A. For ki = kj
I(ki, ki) =
1
4π2
[
ln
(
2Ecut
Λ
)
− 1
2λii
ln
(
1 + λii
1− λii
)]
, (38)
where λii is again defined in Appendix A.
It will be enlightening to extract the IR divergent part
of the soft brem contribution and express it in a way that
will make the cancellation obvious. Collecting terms, one
has
δIRbrem = lnΛ
{
2α
π
[
1− z12
2λ12
ln
(
z12 + λ12
z12 − λ12
)]
+
2α
π
[
1− z34
2λ34
ln
(
z34 + λ34
z34 − λ34
)]
+
α
π
z13
λ13
ln
(
z13 + λ13
z13 − λ13
)
− α
π
z14
λ14
ln
(
z14 + λ14
z14 − λ14
)
− α
π
z23
λ23
ln
(
z23 + λ23
z23 − λ23
)
+
α
π
z24
λ24
ln
(
z24 + λ24
z24 − λ24
)}
.
(39)
As will be seen shortly, the first two terms cancel the
divergent part of the vertex correction while the last four
cancel the divergent part of the 5–point correction.
B. Virtual Correction
As mentioned above, the virtual correction arises from
the interference between the tree–level and one–loop di-
agrams. If the full matrix element is
M =Mtree +Mvirt +O(e6), (40)
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FIG. 6: Vacuum Polarization Diagram.
then the squared matrix element to O(α3) is
|Mrad|2 = |Mtree|2
[
1 +
2Re (M∗treeMvirt)
|Mtree|2
]
, (41)
= |Mtree|2(1 + δvirt). (42)
This defines δvirt,
δvirt =
2Re (M∗treeMvirt)
|Mtree|2 . (43)
Therefore, we must compute the matrix element for each
of the one–loop contributions.
1. Vacuum Polarization
The vacuum polarization process involves higher order
corrections to the photon propagator and is a function
of the square of the photon momentum, or the x of that
pair. There is one contribution for each photon propa-
gator. One contribution is shown in Fig. 6. The vac-
uum polarization diagram is IR finite but UV divergent.
The divergence can be handled by renormalization of the
photon wavefunction. The vacuum polarization matrix
element can be written as the tree–level matrix element
times the renormalized polarization insertion
Mvp =Mtree
∑
l
Πl(xij), (44)
where the sum is over lepton species in the loop and the
renormalized polarization insertion is
Πl(xij) =
2α
π
∫ 1
0
dz z(1− z)
× ln [1− z(1− z)xijM2/m2l − iǫ] , (45)
where ml is the mass of the lepton in the loop. The inte-
gration depends on the size of xij compared to m
2
l /M
2,
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FIG. 7: Vertex Correction Diagram.
such that
Πl(xij) = − α
3π
{
8
3
− β2ij
+
βij
2
(3− β2ij)
[
ln
(
1− βij
1 + βij
)
+ iπ
]}
, (46)
for xij > 4m
2
l /M
2, while
Πl(xij) = − α
3π
{
8
3
+ ρ2ij
− ρij
2
(3 + ρ2ij)
[
π − 2 tan−1 ρij
]}
, (47)
for xij < 4m
2
l /M
2. The functions ρ and β are related to
λ as defined in Appendix A but are functions of the loop
mass
βij =
√
1− 4m2l /(xijM2), (48a)
ρij =
√
4m2l /(xijM
2)− 1. (48b)
The correction then is
δvp = 2
∑
g

∑
lg
ReΠlg (xij)

 , (49)
where the first sum is over the number of vacuum polar-
ization graphs and the second sum is over the possible
lepton species in the loop.
2. Vertex Function
The vertex function involves higher order corrections
to the QED vertex and is a function of the momenta of
the pair. One contribution is shown in Fig. 7. The
vertex correction contains both UV and IR divergences.
We will also include the self–energy correction to the lep-
ton lines which also are UV and IR divergent. Both UV
X
l
 
2
l
+
2
l
 
1
l
+
1
1
FIG. 8: 5–Point Diagram.
divergences will be handled simultaneously by renormal-
ization of the electromagnetic coupling and the lepton
wavefunction while the IR divergent part will cancel the
IR divergence in the soft bremsstrahlung correction. The
matrix element corresponding to one of the diagrams is
Mvc =MtreeV(xij , yij), (50)
where
V(xij , yij) = F1(xij) + F2(xij)
[
2
2− λ2ij + y2ij
]
. (51)
F1 and F2 are vertex form factors defined by
F1(xij) =
α
π
({
1− zij
2λij
[
ln
(
zij + λij
zij − λij
)
− 2iπ
]}
ln
mi
Λ
− 1 + 1 + 2λ
2
ij
8λij
[
ln
(
zij + λij
zij − λij
)
− 2iπ
]
− zij
λij
[
Li2
(
2λij
1 + λij
)
+
1
16
ln2
(
zij + λij
zij − λij
)
− π
2
2
]
+
iπ
2
zij
λij
ln
(
2λ2ij
1− zij
))
, (52)
F2(xij) = −α
π
1− zij
4λij
[
ln
(
zij + λij
zij − λij
)
− 2iπ
]
, (53)
where zij and λij are defined in Appendix A and Λ is the
photon mass.
The correction is then just
δvc = 2
∑
g
ReV(xij , yij), (54)
where the sum over g is over the number of vertex func-
tion graphs.
The IR divergent part is contained within F1. Twice
the real part of the lnΛ term is exactly what is necessary
to cancel the first two divergent terms (one for each ver-
tex correction graph) in the soft brem contribution. The
final four divergent soft brem terms will have to wait for
the last piece of the virtual correction, the 5–point dia-
gram.
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3. 5–Point Diagram
There are four distinct 5–point diagrams that con-
tribute to the direct process, plus four more if there is
an exchange process. The diagram shown in Fig. 8 con-
tains a photon exchanged between l−1 and l
+
2 . The matrix
element for that graph is
M15p =
∫
d4t
(2π)4
2
M
[FP ǫµνρσ + FS(gµρgνσ − gµσgνρ)] (p12 + t)µ(p34 − t)ρ
×
[ −igδη
t2 − λ2 + iǫ
] [ −igαν
(p12 + t)2 − λ2 + iǫ
] [ −igβσ
(p34 − t)2 − λ2 + iǫ
]
× u¯(p2)(−ieγδ)
(
i
/t+ /p2 −m1 + iǫ
)
(−ieγα)v(p1)u¯(p4)(−ieγβ)
(
i
/t− /p3 −m2 + iǫ
)
(−ieγη)v(p3), (55)
where t is the loop momentum and p1, p2, p3, and p4 are the momenta of l
+
1 , l
−
1 , l
+
2 , and l
−
2 , respectively. This can
be re–expressed as
M15p = −
2ie4
M
(
FP ǫµρνσ
{− pµ12pρ34[I50Aνσ + Iα51Bνσα + Iαβ52 Cνσαβ]+ pµ5 [Iρ51Aνσ + Iρα52 Bνσα + Iραβ53 Cνσαβ]}
+ FS
{
[(p12 · p34)gµν − pµ5pν5 ]
[
I50Aµν + I
α
51Bµνα + I
αβ
52 Cµναβ
]
+ (p34 − p12)ρgµν
[
Iρ51A
µν + Iρα52 B
µν
α + I
ραβ
53 C
µν
αβ
]
− gµν
[
(I52)
ρ
ρA
µν + (I53)
ρ
αρB
αµν + (I54)
ρ
αβρC
αβµν
]})
, (56)
where A, B, and C are combinations of spinors and
gamma matrices and p5 = p1 + p2 + p3 + p4. The fac-
tors of Ii are integrals over the loop momentum. There
are three basic integral forms from which all the other
may be obtained. The notation for the integrals has the
following meaning: the first digit in the subscript refers
to the number of denominators and the second refers the
number of powers of the loop momentum appearing in
the integral. The 5–point integrals are defined in Ap-
pendix D as a function of four 4–vector arguments k1,
k2, k3, k4.
For the diagram shown in Fig. 8, the arguments of the
5–point integral functions should take on the values
k1 = −p2, k2 = −p1, (57a)
k3 = p5, k4 = −p4, (57b)
so we can write
I50 = I50(−p2,−p1, p5,−p4) (58)
for the scalar integral, and analogous expressions for the
higher-rank tensor integrals. The spinor terms for this
diagram are
Aµν = −4(p2 · p3)u¯(p2)γµv(p1)u¯(p4)γνv(p3), (59a)
Bµνρ = 2[u¯(p2)γ
νv(p1)u¯(p4)γ
ργµ/p2v(p3)
− u¯(p2)/p3γµγνv(p1)u¯(p4)γρv(p3)], (59b)
Cµνρσ = u¯(p2)γ
ηγµγρv(p1)u¯(p4)γ
σγνγηv(p3). (59c)
The spinor terms for the diagram containing a photon
exchanged between l−1 and l
−
2 are
Aµν = 4(p2 · p4)u¯(p2)γµv(p1)u¯(p4)γνv(p3), (60a)
Bµνρ = 2[u¯(p2)/p4γ
µγνv(p1)u¯(p4)γ
ρv(p3)
− u¯(p2)γνv(p1)u¯(p4)/p2γµγρv(p3)], (60b)
Cµνρσ = −u¯(p2)γηγµγρv(p1)u¯(p4)γηγνγσv(p3), (60c)
and the scalar integral for this diagram is
I50 = I50(−p2,−p1, p5,−p3). (61)
The spinor terms for the diagram containing a photon
exchanged between l+1 and l
+
2 are
Aµν = 4(p1 · p3)u¯(p2)γµv(p1)u¯(p4)γνv(p3), (62a)
Bµνρ = 2[u¯(p2)γ
νγµ/p3v(p1)u¯(p4)γ
ρv(p3)
− u¯(p2)γνv(p1)u¯(p4)γργµ/p1v(p3)], (62b)
Cµνρσ = −u¯(p2)γργµγηv(p1)u¯(p4)γσγνγηv(p3), (62c)
and the scalar integral for this diagram is
I50 = I50(−p1,−p2, p5,−p4). (63)
The spinor terms for the diagram containing a photon
exchanged between l+1 and l
−
2 are
Aµν = −4(p1 · p4)u¯(p2)γµv(p1)u¯(p4)γνv(p3), (64a)
Bµνρ = 2[u¯(p2)γ
νv(p1)u¯(p4)/p1γ
µγρv(p3)
− u¯(p2)γνγµ/p4v(p1)u¯(p4)γρv(p3)], (64b)
Cµνρσ = u¯(p2)γ
ργµγηv(p1)u¯(p4)γηγ
νγσv(p3), (64c)
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and the scalar integral for this diagram is
I50 = I50(−p1,−p2, p5,−p3). (65)
The tensors A, B, and C are computed for a given
helicity combination and combined with the integrals to
yield the matrix element for that helicity state. The cor-
rection then involves a sum over the sixteen possible final
states
δ5p =
∑16
λ=1 2Re [M∗tree(λ)M5p(λ)]∑16
λ=1 |Mtree(λ)|2
, (66)
where λ here refers to the helicity state and
Mtree(λ) =
∑
g
Mgtree(λ), (67)
M5p(λ) =
∑
g
Mg5p(λ). (68)
The sums here are over the number of graphs for each
process.
The IR divergent part of the 5–point correction is most
easily isolated by looking at the 5–point matrix element
in the IR limit. All terms involving tensor integrals van-
ish leaving only the I50 term. The divergent part of I50 is
due to the two divergent box integrals, I
(3)
40 and I
(4)
40 . The
relevant terms in the scalar 5–point function for Fig. 8,
in terms of the divergent 3–point function, are
IIR50 = −
1
2
( ∑
j S
−1
3j
p234 −M22
+
∑
j S
−1
4j
p212 −M21
)
IIR,
= IIR/
[
(p212 −M21 )(p234 −M22 )
]
. (69)
Extracting the lnΛ piece of IIR, I
IR
50 can be written as
IIR50 =
−i
16π2λ23p223(p
2
12 −M21 )(p234 −M22 )
×
[
ln
(
z23 + λ23
z23 − λ23
)
− 2iπ
]
ln
Λ
µ
, (70)
where µ is a kinematic function with dimensions of mass
which is independent of Λ. The divergent part of the 5–
point matrix element, dropping the finite term involving
µ, is proportional to the tree–level matrix element
MIR5p =Mtree
α
2π
z23
λ23
[
ln
(
z23 + λ23
z23 − λ23
)
− 2iπ
]
ln Λ.
(71)
The IR divergent part of the 5–point correction coming
from all four diagrams is
δIR5p =
∑
g
−sij α
π
zij
λij
ln
(
zij + λij
zij − λij
)
ln Λ, (72)
where sij is the product of the sign of the charges of pi
and pj and the sum is over the four diagrams. Again, it
can be seen that this is the necessary form to cancel the
remaining four divergent brem terms.
FIG. 9: Distribution of the total radiative correction for pi0 →
eeee events with an IR cutoff of xcut4e = 0.9985, with fP =
fS = 1.
TABLE V: Average size of radiative correction to the differen-
tial rate with an IR cutoff of xcut4e = 0.9985, with fP = fS = 1.
pi0 → eeee KL → eeee KL → eeµµ KL → µµµµ
δ¯ −0.1948 −0.2618 −0.0788 +0.0805
VI. MC SIMULATION RESULTS
The inclusion of the radiative corrections impacts both
the differential rate and the total rate. The total correc-
tion to the differential π0 → e+e−e+e− rate is shown in
Fig. 9. The average size of the correction factor for the
four different modes is shown in Table V. The total rate
for the combined 4–lepton plus photon process is inde-
pendent of IR cutoff. Table VI summarizes the tree–level
rate and the rate for the combined, cutoff independent
process, divided into the rate including all radiation and
the rate including only soft radiation (x4e > 0.95), all
with fP = fS = 1. It is the last column which should
most accurately predict the observed non–radiative 4–
lepton rate. It is seen that the non–radiative rate is
smaller than the tree–level rate for both 4–electron modes
while it is larger for the modes with muons.
The probability of radiation can now be computed as
the ratio of the radiative rate to the combined rate.
Table VII lists the probability of radiating a photon
(x4e < 0.9985) along with the probability of radiating a
hard photon (x4e < 0.95) for each of the four modes. The
probability is highest for KL → e+e−e+e−(γ) where the
x values can be the smallest. The probabilities for KL →
e+e−µ+µ−(γ) are slightly less than half of what they are
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TABLE VI: Summary of tree–level 4–lepton rate and com-
bined radiatively corrected 4–lepton plus photon rate, includ-
ing the rate for all x4e and the rate for x4e > 0.95, using
fP = fS = 1.
Γ4l(γ)/Γγγ
Mode Γtree4l /Γγγ all x4e x4e > 0.95
pi0 → eeee 3.421(4) · 10−5 3.536(4) · 10−5 3.331(4) · 10−5
KL → eeee 6.222(5) · 10
−5 6.406(4) · 10−5 5.903(4) · 10−5
KL → eeµµ 2.858(1) · 10
−6 2.996(3) · 10−6 2.909(3) · 10−6
KL → µµµµ 0.941(1) · 10
−9 1.026(1) · 10−9 1.025(1) · 10−9
TABLE VII: Probability of radiation (x4e < 0.9985) and
probability of hard radiation (x4e < 0.95), defined as P =
Γ4lγ/Γ4l(γ).
Mode P (x4e < 0.9985) P (x4e < 0.95)
pi0 → eeee(γ) 0.187 0.058
KL → eeee(γ) 0.240 0.079
KL → eeµµ(γ) 0.109 0.029
KL → µµµµ(γ) 0.006 0.0003
for the four electron mode, and in KL → µ+µ−µ+µ−(γ),
there is very little radiation.
The effect of the radiative corrections on the differ-
ential rate can be observed in the distributions of the
five phase space variables. The statistics in the follow-
ing plots reflect the amount of CPU time dedicated to
each mode. While the calculation of the radiative cor-
rections is CPU–intensive, it is actually the generation
of the radiative decays that takes the most time.
For the modes with identical leptons, it is useful
to adopt a method of pairing the electrons with the
positrons in order to study the dilepton mass distribu-
tions. We choose to use the pairing for which the product
of x’s is minimized. It is this pairing that will contribute
the most to the matrix element in general. Therefore,
xa and xb are the x’s belonging to this pairing, with the
additional requirement that xa < xb. In addition, ya is
the y variable defined in the a–pair CM, and yb is the
same quantity in the b–pair CM. And lastly, φab is the
angle between the planes of the a–pair and b–pair in the
overall CM.
The first variable that we will look at is x which is
modified by both the existence of a form factor and
the inclusion of the radiative corrections. In all cases
we set β = 0 in the DIP form factor model. Figs. 10
and 11 show the distribution of xa and xb, respectively,
for π0 → e+e−e+e− events. The plot on the left com-
pares the distribution using the tree–level matrix element
with no form factor (α = 0) to that using the same ma-
trix element but with α = −1.0. The plot on the right
compares the distribution using the tree–level matrix el-
ement with no form factor to that using the radiatively–
corrected matrix element also with no form factor. We
(a) (b)
(c) (d)
FIG. 10: (a) xa in pi
0
→ eeee events using the tree–level differ-
ential rate with α = 0 (dots) and with α = −1.0 (histogram).
(b) xa in pi
0
→ eeee events using the tree–level differential
rate with α = 0 (dots) and the corrected rate for events with
x4e > 0.95, also with α = 0 (histogram). The ratio of the
dots to the histogram in both cases are shown in (c) and (d).
have provided a linear fit to the ratio over some reason-
able range on a scale appropriate for comparing the two
effects. For the form factor comparisons, the dependence
should be primarily linear. This is not the case for the
radiative corrections in general. The χ2 per degree of
freedom is included as a measure of the linearity. It can
be seen that the form factor has a much smaller effect
on the x distribution than the radiative corrections do.
This is not too surprising since the range of accessible q2
values for the π0 decay is relatively small in addition to
being far from our assumed ρ pole.
For the kaon modes, we observe that the form factor
has a much larger effect on the x distribution than the
radiative corrections do. Figs. 12 and 13 show the distri-
bution of xa and xb, respectively, for KL → e+e−e+e−
events. The plot on the left compares the distribution
using the tree–level matrix element with no form factor
(α = 0) to that using the same matrix element but with
α = −1.5. The plot on the right compares the distri-
bution using the tree–level matrix element with no form
factor to that using the radiatively–corrected matrix el-
ement also with no form factor. The roll off at high x
in plot (c) of Fig. 13 is due to presence of the exchange
diagram in this mode. Figs. 14 and 15 show the same dis-
tributions for KL → e+e−µ+µ− events. Here there are
no pairing ambiguities and we plot xee and xµµ. It can
be seen that there is no roll off in plot (c) of Fig. 15, and
furthermore, a small quadratic dependence is observable.
While the x of the ee pair is slightly modified by the ra-
diative corrections, the x of the µµ pair does not change
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(a) (b)
(c) (d)
FIG. 11: (a) xb in pi
0
→ eeee events using the tree–level differ-
ential rate with α = 0 (dots) and with α = −1.0 (histogram).
(b) xb in pi
0
→ eeee events using the tree–level differential
rate with α = 0 (dots) and the corrected rate for events with
x4e > 0.95, also with α = 0 (histogram). The ratio of the
dots to the histogram in both cases are shown in (c) and (d).
(a) (b)
(c) (d)
FIG. 12: (a) xa in KL → eeee events using the tree–level
differential rate with α = 0 (dots) and with α = −1.5 (his-
togram). (b) xa in KL → eeee events using the tree–level
differential rate with α = 0 (dots) and the corrected rate for
events with x4e > 0.95, also with α = 0 (histogram). The
ratio of the dots to the histogram in both cases are shown in
(c) and (d).
(a) (b)
(c) (d)
FIG. 13: (a) xb in KL → eeee events using the tree–level
differential rate with α = 0 (dots) and with α = −1.5 (his-
togram). (b) xb in KL → eeee events using the tree–level
differential rate with α = 0 (dots) and the corrected rate for
events with x4e > 0.95, also with α = 0 (histogram). The
ratio of the dots to the histogram in both cases are shown in
(c) and (d).
(a) (b)
(c) (d)
FIG. 14: (a) xee in KL → eeµµ events using the tree–level
differential rate with α = 0 (dots) and with α = −1.5 (his-
togram). (b) xee in KL → eeµµ events using the tree–level
differential rate with α = 0 (dots) and the corrected rate for
events with x4e > 0.95, also with α = 0 (histogram). The
ratio of the dots to the histogram in both cases are shown in
(c) and (d).
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(a) (b)
(c) (d)
FIG. 15: (a) xµµ in KL → eeµµ events using the tree–level
differential rate with α = 0 (dots) and with α = −1.5 (his-
togram). (b) xµµ in KL → eeµµ events using the tree–level
differential rate with α = 0 (dots) and the corrected rate for
events with x4e > 0.95, also with α = 0 (histogram). The
ratio of the dots to the histogram in both cases are shown in
(c) and (d).
at all. This is as expected for the massive muons.
Fig. 16 shows the distribution of ya and yb for the tree
level differential rate and the radiatively corrected dif-
ferential rate for KL → e+e−e+e− events. The effect
here is quite small. Since y is a measure of the energy
asymmetry of the lepton pair, it is seen that the radiative
corrections tend to make the pairs slightly more asym-
metric on average.
The effect on the φ distribution is due entirely to the
5–point diagram. Fig. 17 shows a comparison of the dis-
tribution of φab generated with the tree–level matrix el-
ement to the same distribution generated with the ra-
diative corrections, for KL → µ+µ−µ+µ− events. The
enhancement at φab = π and the corresponding depletion
at φab = 0 = 2π can be understood in terms of Coulomb
interaction between the final state particles. The config-
uration at φ = 0 has all leptons in a plane with the same
sign particles near each other. The effect is only observ-
able in the KL → µ+µ−µ+µ− decay where the leptons
in each pair are usually well separated.
VII. CONCLUSIONS
The main conclusion that can be drawn from these
distributions is that the radiative corrections are ex-
tremely important for extracting a form factor in the
π0 → e+e−e+e− mode. For the kaon modes, the form
factor has a larger impact on the x distribution and
(a) (b)
(c) (d)
FIG. 16: (a) ya in KL → eeee events using the tree–level
differential rate (dots) and the corrected rate for events with
x4e > 0.95 (histogram). (b) yb for the same events. The ratio
of the corrected distributions to the tree–level distributions
are shown in (c) and (d).
(a)
(b)
FIG. 17: (a) The distribution of φab in KL → µµµµ events
using the tree–level differential rate (dots) and the corrected
rate for events with x4e > 0.95(histogram). (b) The ratio of
the corrected distribution to the tree–level distribution.
the modification of the distribution due to the radia-
tive corrections is less important. The only published
result for the KL → e+e−e+e− mode [14] quotes αDIP =
−1.1 ± 0.6(stat). Fig. 13 shows that at most the radia-
tive corrections would change the slope by 0.22, which
while significant, is smaller than the current experimen-
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tal error. Likewise, for the KL → e+e−µ+µ− mode,
the latest result[17] based on the invariant mass shape is
αDIP = −4.53+1.81−2.70. The present experimental error is
again larger than the impact of the radiative corrections
on the mass distribution.
As for the extraction of the mixing angle ζ from the
observed φ distribution, the radiative corrections can be
safely neglected at present.
The two publications above quote an integrated rate
(normalized to the two–photon rate) of (6.24±0.34)·10−5
for KL → e+e−e+e− and (4.51 ± 0.42) · 10−6 for KL →
e+e−µ+µ−, where the errors are purely statistical. These
results are in good agreement with our predictions when
both the radiative corrections and a form factor with
α = −1.5 are included. For KL → e+e−e+e−, the two
effects offset and the net result is an increase of just less
than 2% over the tree–level rate with no form factor. In
KL → e+e−µ+µ−, the form factor is the dominant effect.
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APPENDIX A: KINEMATICS
The four particle final state can be kinematically de-
scribed by considering subsystems containing only two
particles. Consider the system composed of two par-
ticles with momenta pi and pj and total momentum
pij = pi + pj and mass squared m
2
ij = p
2
ij . We will
define a dimensionless dot product of any two vectors pi
and pj as
zij = 2(pi · pj)/p2ij = 1− xi − xj , (A1)
where
xi = p
2
i /p
2
ij , xj = p
2
j/p
2
ij . (A2)
The energy and momentum of each particle in the two–
particle CM frame are
E∗i = mij(1 + δij)/2, E
∗
j = mij(1− δij)/2, (A3)
p∗ = mijλij/2, (A4)
where
δij = xi − xj , (A5)
λij =
√
z2ij − w2ij , (A6)
wij = 2
√
xixj . (A7)
Occasionally we will use symbols like zi,jk whose meaning
is interpreted as z(pi, pj + pk).
Now consider a three body system composed of mo-
menta pi, pj , and pk. There are two phase space vari-
ables needed to describe the system. The first one will
be xij = p
2
ij/p
2
ijk. The other one is defined in the ij CM
frame as the cosine of the angle between the direction of
particle i and particle k,
cos θij,k =
2pk · (pi − pj)− p2ijkδijzij,k
p2ijkλijλij,k
, (A8)
A more convenient variable that will be used in place of
cos θij,k is
yij = λij cos θij,k, (A9)
where k will always refer to the total momentum minus
the ij momentum.
Finally, the four body final state requires five phase
space variables to uniquely describe it. We will use the
x and y values for the two lepton pairs plus the angle
between the normals of the planes defined by each pair
in the overall CM frame. The first four variables are
x12 = p
2
12/M
2, (A10)
x34 = p
2
34/M
2, (A11)
y12 =
2p34 · (p1 − p2)
M2λ
, (A12)
y34 =
2p12 · (p3 − p4)
M2λ
, (A13)
where the second term in the numerator of the y’s van-
ishes since δ12 = δ34 = 0. Any use of z, w, or λ without
subscripts will refer to the functions of x12 and x34, so
λ = λ12,34 for instance. The last phase space variable is
defined as
φ = tan−1 (sinφ/ cosφ), (A14)
where
sinφ =
16ǫµνρσp
µ
1p
ν
2p
ρ
3p
σ
4
M4λw
√
(λ212 − y212)(λ234 − y234)
, (A15)
cosφ =
M2zy12y34 − 2(p1 − p2) · (p3 − p4)
M2w
√
(λ212 − y212)(λ234 − y234)
. (A16)
The angle φ is defined so that at φ = 0 the two pairs lie
in a plane with the like–sign particles adjacent to each
other. The orientation of φ = π again has both pairs in
a plane, but with the opposite signed particles adjacent.
The general expression for the phase space integral is
d8Φ =
1
(2π)8
d3p1d
3p2d
3p3d
3p4
16Ep1Ep2Ep3Ep4
δ4(P − p1− p2− p3− p4).
(A17)
Upon integrating out the δ–functions, integrating over
the Euler angles, and changing variables to those listed
above, the phase space reduces to
d5Φ = S M
4
214π6
λdx12dx34dy12dy34dφ, (A18)
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where the factor S is a symmetry factor which is required
for modes containing identical particles in the final state.
The double Dalitz modes with identical particles contain
two sets, thus requiring two factors of 1/2. So S = 1/4
if the final state contains identical particles, and S = 1
otherwise.
When there are identical leptons in the final state, the
amplitudes for the exchange diagrams have the same al-
gebraic form as for the non–exchange diagrams except
that the kinematic variables x12, x34, y12, y34, and φ
are replaced by x14, x23, y14, y23, and φ14,23. These ex-
change variables will in general be functions of all five
of the non–exchange variables. As is turns out, we only
need explicit representations for x14 and x23. These are
given by
x14 = [1− λ212x12 − λ234x34 − λ(y12 − y34)− zy12y34
+ w
√
(λ212 − y212)(λ234 − y234) cosφ]/4, (A19)
x23 = [1− λ212x12 − λ234x34 + λ(y12 − y34)− zy12y34
+ w
√
(λ212 − y212)(λ234 − y234) cosφ]/4. (A20)
APPENDIX B: MESON–γγ COUPLINGS
In this section we will work out the explicit form of the
two–photon couplings, allowing for photons of arbitrary
mass, using the polarization vectors in the helicity basis.
The general form of the coupling is
Hλ1λ2 = Hµνρσkµ1 ǫ∗νλ1kρ2ǫ∗σλ2 , (B1)
where H is either
HPµνρσ =
2
M
FP ǫµνρσ, (B2a)
HSµνρσ =
2
M
FS(gµρgνσ − gµσgνρ). (B2b)
The three polarization vectors for a massive photon in
the helicity basis are chosen to be
ǫ+(±zˆ) = (0, 1,±i, 0)/
√
2, (B3a)
ǫ−(±zˆ) = (0, 1,∓i, 0)/
√
2, (B3b)
ǫ0(±zˆ) = (k, 0, 0,±E) /
√
k2, (B3c)
for a photon traveling in the±zˆ direction. With these po-
larization vectors, one finds three couplings for the scalar
case
HSλ1λ2 =


−MFSz , λ1 = λ2 = +,
−MFSz , λ1 = λ2 = −,
+MFSw , λ1 = λ2 = 0,
(B4)
where z and w are defined in Appendix A. The longi-
tudinal contribution vanishes for the pseudoscalar case,
and one finds only two couplings
HPλ1λ2 =


+iMFPλ , λ1 = λ2 = +,
+iMFPλ , λ1 = λ2 = −,
0 , λ1 = λ2 = 0,
(B5)
where λ is also defined in Appendix A. There are three
interesting differences between the scalar and the pseu-
doscalar couplings. First, assuming that δ = 0, there is
a relative phase between them. Additionally, the trans-
verse couplings differ in the kinematic factor. And lastly,
there is the additional scalar coupling due to the contri-
bution from longitudinally polarized photons. Where as
the transverse couplings go like λ or z, both of which are
O(1) on average, the longitudinal coupling goes like w,
which is O(x), making its contribution less significant.
APPENDIX C: DOUBLE DALITZ
INTERFERENCE
The interference between the tree–level direct and ex-
change contributions for modes with identical leptons is
a sum of three terms
2Re(M∗1M2) =
23π2α2g˜2
M2x12x34x14x23
×
{
AfP (x12, x34)fP (x14, x23) cos
2 ζ
+B[fP (x12, x34)fS(x14, x23)
+ fP (x14, x23)fS(x12, x34)] sin ζ cos ζ
+ CfS(x12, x34)fS(x14, x23) sin
2 ζ
}
, (C1)
where
A = λ2{2Ξ2 + 8η4 + Ξ [8η2 − z(y12 + y34)2]
− w2(1 + y12y34)(2− y212 − y234)
+ 4η2(y12 + y34)(x12y12 + x34y34)}, (C2)
B = −2λ[η2(x12 + x34 − x14 − x23)
+ 4(x12x34 − x14x23)]Ξ tanφ, (C3)
C = −Ξ3z − Ξ2[6η2z − w2 − (2z2 + w2)y12y34]
− Ξ[z(z2 − 2w2) + z(z2 + 2w2)y212y234 + 2z3y12y34
− 2η2(z2 + w2)(1 + 3y12y34) + 8η4z]
+ w2z2y312y
3
34 − w2z2y12y34 + w2(3z2 − 2w2)y212y234
− 2w2(z2 − w2)(y212 + y234) + w2(z2 − 2w2)
− 2η2[3w2zy212y234 − 2(z2 − z3 − w2)y12y34
+ 2z(z2 − 3w2/2)− 2(z2 + w2)]
− 8η4[(z − z2)− w2y12y34], (C4)
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where Ξ = w
√
(λ212 − y212)(λ234 − y234) cosφ and η2 =
4m2/M2. The exchange variables x14 and x23 are de-
fined in Appendix A in terms of the five non–exchange
phase space variables. The term proportional to cos2 ζ re-
sults from interference between a pseudoscalar coupling
in both the direct and exchange graphs, while the one
proportional to sin2 ζ is due to scalar couplings in both
graphs, and the one proportional to sin ζ cos ζ is due to a
pseudoscalar coupling in one graph and a scalar coupling
in the other.
APPENDIX D: 5–POINT FUNCTION
The matrix element for the 5–point diagram is com-
posed of tensor integrals with five propagators in the de-
nominator. One can express tensor integrals in terms
of lower rank tensor integrals with the same number of
propagators and lower rank tensors with fewer propaga-
tors [23]. In the end, every tensor integral can be decom-
posed into scalar 2–, 3–, 4–, and 5–point functions. The
scalar 5–point function is not independent and can itself
be expressed in terms of scalar 4–point functions.
This appendix will outline our procedure for first re-
ducing the tensor integrals to scalar integrals, and then
computing the scalar integrals in closed form.
a. Tensor Integrals
Begin by defining
I50(k1, k2, k3, k4) =
∫
d4t
(2π)4
1
N1N2N3N4N5
, Iµν52 (k1, k2, k3, k4) =
∫
d4t
(2π)4
tµtν
N1N2N3N4N5
, (D1)
Iµ51(k1, k2, k3, k4) =
∫
d4t
(2π)4
tµ
N1N2N3N4N5
, Iµνρ53 (k1, k2, k3, k4) =
∫
d4t
(2π)4
tµtνtρ
N1N2N3N4N5
, (D2)
where
N1 = t
2 − µ21, N2 = (t+ k1)2 − µ22, N3 = (t+ k1 + k2)2 − µ23, (D3)
N4 = (t+ k1 + k2 + k3)
2 − µ24, N5 = (t+ k1 + k2 + k3 + k4)2 − µ25, (D4)
where µi is an internal mass and the ki are external momenta.
The original reduction scheme of Ref. [24], while theoretically sound, suffers from uncontrollable numerical inaccu-
racies. To avoid this problem, we follow the procedure suggested in Ref. [23], and use a reduction scheme based on
the Schouten identity which utilizes Gram determinants to express any tensor integral as a sum of integrals, one with
the same number of propagators and the rest with one less propagator, and all with the power of the loop momentum
reduced by one. The identity has the following form
tµǫk1k2k3k4 = (t · k1)ǫµk2k3k4 + (t · k2)ǫk1µk3k4 + (t · k3)ǫk1k2µk4 + (t · k4)ǫk1k2k3µ, (D5)
= vµ − 1
2
(
N1ǫ
µk2k3k4 −N2ǫµ(k1+k2)k3k4 +N3ǫµk1(k2+k3)k4 −N4ǫµk1k2(k3+k4) +N5ǫµk1k2k3
)
, (D6)
where
vµ = (s · k1)ǫµk2k3k4 − (s · k2)ǫµk1k3k4 + (s · k3)ǫµk1k2k4 − (s · k4)ǫµk1k2k3 , (D7)
and sµ is defined in terms of its dot products
s · k1 = 1
2
[
µ22 − µ21 − k21
]
, s · k3 = 1
2
[
µ24 − µ21 − (k1 + k2 + k3)2
]− s · k1 − s · k2, (D8)
s · k2 = 1
2
[
µ23 − µ21 − (k1 + k2)2
]− s · k1, s · k4 = 1
2
[
µ25 − µ21 − (k1 + k2 + k3 + k4)2
]− s · k1 − s · k2 − s · k3. (D9)
The notation ǫk1k2k3k4 is shorthand for ǫµνρσk1µk2νk3ρk4σ.
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The reduction then proceeds as follows:
Iµ51 =
1
ǫk1k2k3k4
{
vµI50 − 1
2
[
ǫµk2k3k4I
(1)
40 − ǫµ(k1+k2)k3k4I(2)40 + ǫµk1(k2+k3)k4I(3)40 − ǫµk1k2(k3+k4)I(4)40
+ ǫµk1k2k3I
(5)
40
]}
, (D10)
Iµν52 =
1
ǫk1k2k3k4
{
vµIν51 −
1
2
[
ǫµk2k3k4
(
I
(1)ν
41 − kν1I(1)40
)
− ǫµ(k1+k2)k3k4I(2)ν41 + ǫµk1(k2+k3)k4I(3)ν41
− ǫµk1k2(k3+k4)I(4)ν41 + ǫµk1k2k3I(5)ν41
]}
, (D11)
Iµνρ53 =
1
ǫk1k2k3k4
{
vµIνρ52 −
1
2
[
ǫµk2k3k4
(
I
(1)νρ
42 − kν1I(1)ρ41 − kρ1I(1)ν41 + kν1kρ1I(1)40
)
− ǫµ(k1+k2)k3k4I(2)νρ42
+ ǫµk1(k2+k3)k4I
(3)νρ
42 − ǫµk1k2(k3+k4)I(4)νρ42 + ǫµk1k2k3I(5)νρ42
]}
, (D12)
where for any I40 =
∫
d4t
(2π)4
1
N1N2N3N4
,
Iµ41 =
1
2δk1k2k3k1k2k3
{
δsαβk1k2k3δ
µαβ
k1k2k3
I40 −
[
δµk2k3k1k2k3I
(1)
30 − δµ(k1+k2)k3k1k2k3 I
(2)
30 + δ
µk1(k2+k3)
k1k2k3
I
(3)
30 − δµk1k2k1k2k3I
(4)
30
]}
, (D13)
Iµν42 =
1
2δk1k2k3k1k2k3
{
δsαβk1k2k3δ
µαβ
k1k2k3
Iν41 −
[
δµk2k3k1k2k3
(
Iν31 − kν1I(1)30
)
− δµ(k1+k2)k3k1k2k3 I
(2)ν
31
+ δ
µk1(k2+k3)
k1k2k3
I
(3)ν
31 − δµk1k2k1k2k3I
(4)ν
31
]
+
2ǫk1k2k3µǫk1k2k3ν
δk1k2k3k1k2k3
[
δsk1k2k3sk1k2k3 I40 +
1
2
(
δ
(s+k1)k2k3
k1k2k3
I
(1)
30 − δs(k1+k2)k3k1k2k3 I
(2)
30
+ δ
sk1(k2+k3)
k1k2k3
I
(3)
30 − δsk1k2k1k2k3I
(4)
30
)]}
, (D14)
and for any I30 =
∫
d4t
(2π)4
1
N1N2N3
Iµ31 =
1
δk1k2k1k2
{
δsαk1k2δ
µα
k1k2
I30 − 1
2
[
δµk2k1k2I
(1)
20 − δµ(k1+k2)k1k2 I
(2)
20 + δ
µk1
k1k2
I
(3)
20
]}
. (D15)
The reduction notation has the following meaning: I
(i)
40 is the 4–point function obtained from I50 by dropping the
ith propagator, I
(j)
30 is the 3–point function obtained from its corresponding 4–point function by dropping the jth
propagator, and so on. The Gram determinants that appear in the reduction are kinematic functions which are
defined as
δk1k2q1q2 =
∣∣∣∣∣q1 · k1 q1 · k2q2 · k1 q2 · k2
∣∣∣∣∣ , δk1k2k3q1q2q3 =
∣∣∣∣∣∣∣
q1 · k1 q1 · k2 q1 · k3
q2 · k1 q2 · k2 q2 · k3
q3 · k1 q3 · k2 q3 · k3
∣∣∣∣∣∣∣ , δ
k1k2k3k4
q1q2q3q4
=
∣∣∣∣∣∣∣∣∣
q1 · k1 q1 · k2 q1 · k3 q1 · k4
q2 · k1 q2 · k2 q2 · k3 q2 · k4
q3 · k1 q3 · k2 q3 · k3 q3 · k4
q4 · k1 q4 · k2 q4 · k3 q4 · k4
∣∣∣∣∣∣∣∣∣
. (D16)
The traces that appear in Eq. 56 can also be reduced
(I52)
µ
µ = I
(1)
40 , (D17a)
(I53)
αµ
µ = I
(1)α
41 − kα1 I(1)40 , (D17b)
(I54)
αβµ
µ = I
(1)αβ
42 − kα1 I(1)β41 − kβ1 I(1)α41 + kα1 kβ1 I(1)40 . (D17c)
While this procedure is generally much more reliable then that of Ref. [24], there are still problems that occur when
vµ as defined in Eq. (D7) is not an independent combination of the final state momenta. This happens when all the
momenta in the parent particle’s rest frame lie in a plane. Even though these configurations form a subspace of zero
19
p
5
p
2
t  p
2
p
1
t  p
1
  p
2
t+ p
3
+ p
4
p
4
t+ p
3
p
3
t
m
1
M
1
M
2
m
2
1
FIG. 18: Scalar 5–Point Function.
measure in the final state phase space, finite numerical precision dictates that they will be generated with non–zero
probability by the MC program. In this case, we use the identity
tµδk1k2k3k1k2k3 = u
µ(u · t) + 1
2
[
δsαβk1k2k3δ
µαβ
k1k2k3
−N1δµk2k3k1k2k3 +N2δ
µk3k4
k1k2k3
−N3δµk4k1k1k2k3 +N4δ
µk1k2
k1k2k3
]
, (D18)
where uµ = ǫk1k2k3µ. The first term on the right vanishes upon integration, allowing Iµ51 to be written as
Iµ51 =
1
2δk1k2k3k1k2k3
{
δsαβk1k2k3δ
µαβ
k1k2k3
I50 −
[
δµk2k3k1k2k3I
(1)
40 − δµk3k4k1k2k3I
(2)
40 + δ
µk4k1
k1k2k3
I
(3)
40 − δµk1k2k1k2k3I
(4)
40
]}
. (D19)
The other tensor integrals can be expanded in a similar manner. The same problem can arise in the reduction of the
4–point tensor integrals if the three momenta k1, k2, and k3 are linearly dependent, in which case this same procedure
is reproduced at one lower rank.
In these degenerate cases we have a choice between numerical inaccuracies resulting from antisymmetric invariants
such as ǫk1k2k3k4 being very small or inaccuracies resulting from assuming exact linear dependence. To decide which
approximation is better, we do the calculation of the tensor integrals both ways and check whether identities such as
those in Eqs. (D17) are satisfied. More than 99% of the time, one of the two methods yields good agreement for all
these “trace checks”.
b. Scalar Integrals
The most general 5–point function we will need to consider is
I50 = µ
2ǫ
∫
dDt
(2π)D
{
1
[t2 − µ21 + iǫ][(t+ k1)2 − µ22 + iǫ][(t+ k1 + k2)2 − µ23 + iǫ]
× 1
[(t+ k1 + k2 + k3)2 − µ24 + iǫ][(t+ k1 + k2 + k3 + k4)2 − µ25 + iǫ]
}
. (D20)
In the case at hand µ1 = 0, µ2 = m1, µ3 =M1, µ4 =M2, and µ5 = m2 where the m’s are lepton masses and the M ’s
are boson masses. In addition, k1 = −p2, k2 = −p1, k3 = p5, and k4 = −p4, where the external momenta satisfy the
relation p1 + p2 + p3 + p4 = p5. The diagram representing this integral is shown in Fig. 18.
We have allowed the boson propagators to have arbitrary massesM1 andM2 in order to include a form factor in the
calculation of the 5–point function. This is necessary since the form factor becomes a function of the loop momentum.
We will use a generalized DIP form factor which, with the appropriate choice of coefficients, can reproduce both the
DIP and the BMS form factor models. The generalized DIP form factor is
f(x1, x2) = 1 +
∑
i
αi
(
x1
x1 −M2i /M2
+
x2
x2 −M2i /M2
)
+
∑
ij
βij
x1x2
(x1 −M2i /M2)(x2 −M2j /M2)
, (D21)
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whereM is the total mass and the sum is over propagator massesMi. The diagram containing two photon propagators
and a form factor is then replaced by a sum of n2 diagrams of four different types, one containing two photon
propagators, two containing one photon and one massive boson propagator, and one containing two massive boson
propagators,
f(x1, x2)
x1x2
=
1
x1x2
+
∑
i
αi
(
1
x1(x2 −M2i /M2)
+
1
x2(x1 −M2i /M2)
)
+
∑
ij
βij
1
(x1 −M2i /M2)(x2 −M2j /M2)
. (D22)
The general form of Eq. (D20) permits the evaluation of all four of these contributions. To use a specific model, the
parameters αi and βij must be adjusted. For the simple DIP model, only a ρ meson term is included with α1 = αDIP
and β11 = βDIP . The DIP model requires the inclusion of four 5–point diagrams involving all combinations of photons
and ρ mesons. The BMS model is more complicated, requiring 25 different diagrams. To simplify this we have let
Mω = Mρ, which reduces the number of diagrams to 16. The values of the generalized parameters, in terms of αK∗
are
α1 = −1 + 10CαK
∗
9(1−M2ρ/M2K∗)
, (D23a)
α2 =
2CαK∗
9
(
1
1−M2φ/M2K∗
− 1
1−M2ρ/M2K∗
)
, (D23b)
α3 =
2CαK∗
1−M2φ/M2K∗
, (D23c)
and βij = αiαj . A flat form factor is obtained by setting all of the αi = 0 and βij = 0.
We will write the 5–point function in Eq. (D20) as a sum of 4–point functions using the following relationship
between n–point functions and (n− 1)–point functions [25],
In =
1
2
[
−
n∑
i=1
ciI
(i)
n−1 + (n− 5 + 2ǫ)c0ID=6−2ǫn
]
, (D24)
where
ci =
n∑
j=1
S−1ij , c0 =
n∑
i=1
ci =
n∑
i,j=1
S−1ij , Sij = (µ2i + µ2j − k2ij)/2, (D25)
and
kii = 0, kij = ki + ki+1 + · · ·+ kj−1, for i < j. (D26)
We will use µ to refer to the propagator mass when the distinction between vector bosons and leptons is irrelevant.
In the case at hand n = 5 so the second term in Eq. (D24) is O(ǫ), and since the 5–point function in D = 6 − 2ǫ
dimensions is finite in the limit ǫ → 0, the scalar 5–point function can be written as a sum of five scalar 4–point
functions
I50 = −1
2
5∑
i=1

 5∑
j=1
S−1ij

 I(i)40 +O(ǫ). (D27)
a. The 4–Point Function Two of the five 4–point functions contain IR divergences due to the presence of the
3–point functions where both of the vector boson propagators have been removed. Therefore there are two distinct
4–point functions that we will need. The first has one zero mass propagator
I40(k1, k2, k3, µ1, µ2, µ3) =
µ2ǫ
∫
dDt
(2π)D
1
[t2 + iǫ][(t+ k1)2 − µ21 + iǫ][(t+ k1 + k2)2 − µ22 + iǫ][(t+ k1 + k2 + k3)2 − µ23 + iǫ]
, (D28)
and the other has two zero mass propagators and two lepton propagators
I ′40(k1, k2, k3,m1,m2) =
µ2ǫ
∫
dDt
(2π)D
1
[t2 + iǫ][(t+ k1)2 + iǫ][(t+ k1 + k2)2 −m21 + iǫ][(t+ k1 + k2 + k3)2 −m22 + iǫ]
, (D29)
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where in I ′40, (k1 + k2)
2 = m21 and (k1 + k2 + k3)
2 = m22.
In order to use Eq. (D28) for I
(1)
40 where all four propagators have non–zero masses, and to extract the divergent
part of I
(3)
40 and I
(4)
40 , we make use of the following propagator identity
1
[(q + p)2 − µ21][(q + p+ k)2 − µ22]
=
α
[(q + p)2 − µ21](q + p+ αk)2
+
1− α
[(q + p+ k)2 − µ22](q + p+ αk)2
, (D30)
where α is chosen to be the positive root of the equation
α(1− α)k2 − (1− α)µ21 − αµ22 = 0. (D31)
This identity allows us to write the five 4–point functions as
I
(1)
40 = α1I40(−α1p23,−p1, p5,m1,M1,M2) + (1− α1)I40((1− α1)p23, p4 − p5, p5,m2,M1,M2), (D32a)
I
(2)
40 = I40(−p12, p5,−p4,M1,M2,m2), (D32b)
I
(3)
40 = α3I
′
40(−α3p34,−p2, p23,m1,m2) + (1− α3)I40((1− α3)p34, p1 − p5, p23,M2,m1,m2), (D32c)
I
(4)
40 = α4I
′
40(α4p12, p3,−p23,m2,m1) + (1 − α4)I40(−(1− α4)p12, p1, p23,M1,m1,m2), (D32d)
I
(5)
40 = I40(−p2,−p1, p5,m1,M1,M2), (D32e)
where
α1 = (1 + δ23 + λ23)/2, α3 = 1−M22/p234, α4 = 1−M21 /p212. (D33)
The finite 4–point function I40 defined in Eq. (D28) can be expressed in closed form as a sum of 36 dilogarithms.
We will define it in terms of the function
J (A,B) =
∫ 1
0
dz
z −A [ln(z −B ± iǫ)− ln(A−B ± iǫ)] ,
= Li2
(
A
A−B ± iǫ
)
− Li2
(
A− 1
A−B ± iǫ
)
. (D34)
For arbitrary complex arguments, A and B, the integration would also produce additional logarithms with prefactors
which depend on the relative difference between the signs of the imaginary parts of A and B [26], however if A is real
these additional terms vanish. In the case at hand, A will always be real and we will only need the dilogarithms. In
terms of these new functions,
I40(k1, k2, k3, µ1, µ2, µ3) =
i
16π2γ(η+ − η−)
×
[
J
(
β + η+,
−e− d+ iǫ
k
)
− J
(
β + η−,
−e− d+ iǫ
k
)
− J
(
η+
1− β ,
−d+ iǫ
e+ k
)
+ J
(
η−
1− β ,
−d+ iǫ
e+ k
)
+ J
(−η+
β
,
−d+ iǫ
e
)
− J
(−η−
β
,
−d+ iǫ
e
)
− J (β + η+, z+1 + iǫ)− J (β + η+, z−1 − iǫ)+ J (β + η−, z+1 + iǫ)+ J (β + η−, z−1 − iǫ)
+ J
(
η+
1− β , z
+
2 + iǫ
)
+ J
(
η+
1− β , z
−
2 − iǫ
)
− J
(
η−
1− β , z
+
2 + iǫ
)
− J
(
η−
1− β , z
−
2 − iǫ
)
− J
(−η+
β
, z+3 + iǫ
)
− J
(−η+
β
, z−3 − iǫ
)
+ J
(−η−
β
, z+3 + iǫ
)
+ J
(−η−
β
, z−3 − iǫ
)]
, (D35)
where β is either root of the equation gβ2 + jβ + b = 0, η± are the roots of the equation
[eg − jk − βgk]η2 + [eh− ck − dj − 2βdg]η + [ae− cd+ β(ak − dh)] = 0, (D36)
and γ = eg − jk − βgk. The quantities z±i are the roots of the following equations
0 = gz21 + (h+ j + k)z1 + (a+ b+ c+ d+ e), (D37a)
0 = (b+ g + j)z22 + (c+ e+ h+ k)z2 + (a+ d), (D37b)
0 = bz23 + (c+ e)z3 + (a+ d). (D37c)
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The lower case variables are combinations of the elements of the relevant 4× 4 matrix Sij defined in Eq. (D25),
a = S33 + S44 − 2S34, f = S44, (D38a)
b = S22 + S33 − 2S23, g = S11 + S22 − 2S12, (D38b)
c = 2(S23 − S24 − S33 + S34), h = 2(S13 − S14 − S23 + S24), (D38c)
d = 2(S34 − S44), j = 2(S12 − S13 − S22 + S23), (D38d)
e = 2(S24 − S34), k = 2(S14 − S24). (D38e)
The divergent 4–point function I ′40 defined in Eq. (D29) can also be written in closed from. The divergent part is
just the divergent 3–point function
IIR =
∫
d4t
(2π)4
1
[t2 − Λ2 + iǫ][(t− p2)2 −m21 + iǫ][(t+ p3)2 −m22 + iǫ]
,
=
i
32π2p223λ23
{[
ln
(
z23 + λ23
z23 − λ23
)
− 2iπ
]
ln
p223
Λ2
− 2π2 + 2Li2
(
2λ23
1 + δ23 + λ23
)
+ 2Li2
(
2λ23
1− δ23 + λ23
)
− 4iπ lnλ23 − ln
(
1 + δ23 − λ23
2λ23
)
ln
(
1 + δ23 + λ23
2
)
− ln
(
1− δ23 − λ23
2λ23
)
ln
(
1− δ23 + λ23
2
)
+ ln2
(
1− δ23 + λ23
2λ23
)
+ ln2
(
1 + δ23 + λ23
2λ23
)
+ lnλ23 ln
(
1− δ23 + λ23
2λ23
)
+ lnλ23 ln
(
1 + δ23 + λ23
2λ23
)
+
1
2
[
ln2
(
1 + δ23 + λ23
2
)
+ ln2
(
1− δ23 + λ23
2
)
− ln2
(
1 + δ23 − λ23
2
)
− ln2
(
1− δ23 − λ23
2
)]}
,
(D39)
The full expression is then
I ′40(k1, k2, k3,m1,m2) =
1
k21
(
IIR +
i
16π2λ23k23
{
ln
(
2k1 · k3
k21
)[
ln
(
z23 − λ23
z23 + λ23
)
+ 2iπ
]
+ Li2
(
1−A
B −A+ iǫ
)
− Li2
(
1− A
C − A− iǫ
)
− Li2
( −A
B −A+ iǫ
)
+ Li2
( −A
C −A− iǫ
)
+ ln(1−A− iǫ) [ln(1−B − iǫ)− ln(1 − C + iǫ)− ln(A−B − iǫ) + ln(A− C + iǫ)]
− ln(−A− iǫ) [ln(−B − iǫ)− ln(−C + iǫ)− ln(A−B − iǫ) + ln(A− C + iǫ)]
})
, (D40)
where
A = −(k21/2 + k1 · k2)/(k1 · k3), B = (1 + δ23 + λ23)/2, C = (1 + δ23 − λ23)/2. (D41)
It is worthwhile to consider the special case of two photon propagators, that is M1 = M2 = 0. In that case the
4–point functions simplify considerably. We will write
I†40(k1, k2, k3, µ1, µ2) =
∫
d4t
(2π)4
1
[t2 − µ21 + iǫ][(t+ k1)2 − µ22 + iǫ][(t+ k1 + k2)2 + iǫ][(t+ k1 + k2 + k3)2 + iǫ]
,
=
i√
∆
{[
Li2
(
v+
v+ − r1
)
− Li2
(
v+ − 1
v+ − r1
)
− Li2
(
v+ − 1
v+ − r2
)
− Li2
(
v+
v+ − v˜+ − iǫ
)
+ Li2
(
v+ − 1
v+ − v˜+ − iǫ
)
− Li2
(
v+
v+ − v˜− + iǫ
)
+ Li2
(
v+ − 1
v+ − v˜− + iǫ
)]
−
[
Li2
(
v−
v− − r1
)
− Li2
(
v− − 1
v− − r1
)
− Li2
(
v− − 1
v− − r2
)
− Li2
(
v−
v− − v˜+ − iǫ
)
+ Li2
(
v− − 1
v− − v˜+ − iǫ
)
− Li2
(
v−
v− − v˜− + iǫ
)
+ Li2
(
v− − 1
v− − v˜− + iǫ
)]}
, (D42)
where ∆ is the discriminant and v± are the roots of the quadratic equation
[k(h+ k)− dg]v2 + [e(h+ k)− dj]v − bd = 0, (D43)
23
and v˜± are the roots of
gv˜2 + (h+ j + k)v˜ + b = 0, (D44)
and
r1 = (−d− e+ iǫ)/k, r2 = iǫ/(h+ k). (D45)
Therefore, when M1 =M2 = 0, the five 4–point functions are simply
I
(1)
40 = I
†
40(p23, p4,−p5,m1,m2), (D46a)
I
(2)
40 = I
†
40(p3, p4,−p5, 0,m2), (D46b)
I
(3)
40 = I
′
40(−p34,−p2, p23,m1,m2), (D46c)
I
(4)
40 = I
′
40(p12, p3,−p23,m2,m1), (D46d)
I
(5)
40 = I
†
40(−p2,−p1, p5, 0,m1). (D46e)
Also, in this case, I ′40 simplifies somewhat because A defined in Eq. (D41) becomes one. The first two dilogarithms
in the second line of Eq. (D40), along with the entire third line, vanish in this case. I ′40 then becomes
I ′40(k1, k2, k3,m1,m2) =
1
k21
(
IIR +
i
16π2λ23k23
{
ln
(
2k1 · k3
k21
)[
ln
(
z23 − λ23
z23 + λ23
)
+ 2iπ
]
− Li2
( −1
B − 1 + iǫ
)
+ Li2
( −1
C − 1− iǫ
)
+ iπ [ln(−B − iǫ)− ln(−C + iǫ)− ln(1 −B − iǫ) + ln(1− C + iǫ)]
})
, (D47)
where B and C are still given by Eq. (D41).
b. The 3–Point Function There are ten 3–point functions that are needed, all of which are finite except one,
I
(34)
30 = IIR defined in Eq. (D39). The superscripts used in this section denote the two propagators that have been
dropped from the original 5–point function to obtain the particular 3–point function. The finite 3–point functions
can be generically written as
I30(k1, k2, µ1, µ2, µ3) =
∫
dDt
(2π)D
1
[t2 − µ21 + iǫ][(t+ k1)2 − µ22 + iǫ][(t+ k1 + k2)2 − µ33 + iǫ]
, (D48)
=
−i
16π2(c+ 2bβ)
{[
Li2
(
v1
v1 − v˜+1 − iǫ
)
− Li2
(
v1 − 1
v1 − v˜+1 − iǫ
)
+ Li2
(
v1
v1 − v˜−1 + iǫ
)
− Li2
(
v1 − 1
v1 − v˜−1 + iǫ
)
− Li2
(
v2
v2 − v˜+2 − iǫ
)
+ Li2
(
v2 − 1
v2 − v˜+2 − iǫ
)
− Li2
(
v2
v2 − v˜−2 + iǫ
)
+ Li2
(
v2 − 1
v2 − v˜−2 + iǫ
)
+ Li2
(
v3
v3 − v˜+3 − iǫ
)
− Li2
(
v3 − 1
v3 − v˜+3 − iǫ
)
+ Li2
(
v3
v3 − v˜−3 + iǫ
)
− Li2
(
v3 − 1
v3 − v˜−3 + iǫ
)]}
, (D49)
where the vi are
v1 = −2a+ d+ β(c+ e)
c+ 2bβ
, v2 = − d+ eβ
(1− β)(c+ 2bβ) , v3 =
d+ eβ
β(c+ 2bβ)
, (D50)
and the v˜±i are roots of the three quadratic equations
0 = bv˜21 + (c+ e)v˜1 + (a+ d+ f), (D51a)
0 = (a+ b+ c)v˜22 + (d+ e)v˜2 + f, (D51b)
0 = av˜23 + dv˜3 + f, (D51c)
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and β is either root of the equation bβ2 + cβ + a = 0. The lower case letters are again combination of the relevant
matrix Sij
a = S22 + S33 − 2S23, c = 2(S12 − S13 − S22 + S23), e = 2(S13 − S23), (D52a)
b = S11 + S22 − 2S12, d = 2(S23 − S33), f = S33. (D52b)
The ten 3–point functions that we need can then be expressed as
I
(12)
30 = I30(p4,−p5,m2,M2,M1), I(24)30 = I30(p3,−p5 + p4, 0,m2,M1), (D53a)
I
(13)
30 = I30(p23, p4,m1,m2,M2), I
(25)
30 = I30(−p12, p5, 0,M1,M2), (D53b)
I
(14)
30 = I30(p23,−p5 + p4,m1,m2,M1), I(34)30 = IIR, (D53c)
I
(15)
30 = I30(−p1, p5,m1,M1,M2), I(35)30 = I30(−p2, p5 − p1, 0,m1,M2), (D53d)
I
(23)
30 = I30(p3, p4, 0,m2,M2), I
(45)
30 = I30(−p2,−p1, 0,m1,M1). (D53e)
c. The 2–Point Function And finally, the general expression for the 2–point function is
I20(k1, µ1, µ2) =
∫
dDt
(2π)D
1
[t2 − µ21 + iǫ][(t+ k1)2 − µ22 + iǫ]
, (D54)
=
i
(4π)2
[
Γ(ε)
(
4πµ2
k21
)ε
+ 2− (1− v+) ln (1− v+ − iǫ)− (1− v−) ln (1− v− + iǫ)
− v+ ln (−v+ − iǫ)− v− ln (−v− + iǫ)
]
, (D55)
where v±are roots to the quadratic equation
k21v
2 + (µ21 − µ22 − k21)v + µ22 = 0. (D56)
The UV divergent term containing ε cancels when the 2–point functions are combined to form the tensor integrals
and can therefore be safely ignored. The ten 2–point functions that we require are then
I
(123)
20 = I20(−p4,M2,m2), I(145)20 = I20(−p1,m1,M1), (D57a)
I
(124)
20 = I20(p5 − p4,M1,m2), I(234)20 = I20(p3, 0,m2), (D57b)
I
(125)
20 = I20(p5,M1,M2), I
(235)
20 = I20(p34, 0,M2), (D57c)
I
(134)
20 = I20(p23,m1,m2), I
(245)
20 = I20(−p12, 0,M1), (D57d)
I
(135)
20 = I20(p5 − p1,m1,M2), I(345)20 = I20(−p2, 0,m1). (D57e)
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